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VECTOR ALGEBRA

Important hints:

d-b= |&||B|cos€
ixbh= |d||5|sin9ﬁ
Work done W = F - d

Torque T =7 X F

N

d, b are perpendicular vectors & d- b =0

@, b are parallel vectors © @ X b = 0
Volume of parallelepiped with coterminous

vectors V = |[d, b, E]|
If_d = ali + azj + agle and—b) = bli + bzi + b3i(
Scalar product (or) dot product

C_i . B = a1b1 + azbz + a3b3

The vector product (or) cross product

gk
& X b =la, ap das
by by b3

If 6 is the acute angle between two straight lines

F=d’+sl_;and?:5+t(z,then

I||I)

The acute angle 6 between the two planes

Iﬁl-ﬁ'zl)

|7i4]17

=
QU

o
QU

0 =cos™ ! (

7.1y, =pyand7 -1, =p,is 6 :cos'l(
If 8 is the acute angle between the line

#=d + th and the plane 7 - 7 = p, then

@ =sint <|E'ﬁ|>

[b]l

Letd = a;i + a,f + azk, b = byt + byj + bsk,
¢ = 11 + c,f + c3k. Then,

> 7 o
a, b, ¢ are coplanar

. a; a; 4as
@[5,b,8]=0@ b1 bz b3 =0
€1 C C3

-

o,
*

R
*
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MODEL-I

Parametric Vector Equation

P=ad+sh+té

Non Parametric Vector Equation
(F-ad)-(bxé)=0

Cartesian Equation

X=X Y=Y Z2— 73
by b, b; [=0
1 Cy C3
MODEL-II

Parametric Vector Equation
F=(1-s)d+sb+td
Non Parametric Vector Equation
(F-ad)-[(b-d)xé] =0

Cartesian Equation

X=X Y—=V1 Z— 24
Xo—=X1 Yo—Y1 Z2—Z1|=0
€1 C2 C3
MODEL III

Parametric Vector Equation
f=QQ-s—t)d+sb+té
Non Parametric Vector Equation
F-ad)[(b-d)x(@-ad)]=0

Cartesian Equation

X=X Y= Z—Z
Xp—=X1 Y2—=Y1 Z2—Z1(=0
X3 —=X1 Y3~ V1 Z3— 21
. X=X - Z—Z
If two lines =¥ T4 g
1 b, b3

=—== intersect, then
dq d; d3 ’

X2 =X1 Y2—=V1 Z2— 23
by b, b3
dy d; ds
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5 MARKS

1.By vector method, prove that
cos(a — B) = cosacosf + sinasinf
Soln:

Let @ and b are two unit vectors

a = cosati + sinaj

(=)

= cosPBi + sinfj
= cos(a — ) — == (1)

@ = (cosPi+ sinfj) - (cosai + sinaj)

(=)

SN

()

= cosacosp + sinasinfi — —— (2)
From (1)&(2)
cos(a — ) = cosacosf + sinasinf

2.By vector method, prove that
cos(ax + B) = cosacosP — sinasinf
Soln:

Let @ and b are two unit vectors

[N
Il

cosai + sinaj

S
Q

ca=cos(a+p)———> (1)

[a )
D

= (cospi — sinfj) - (cosai + sinaj)
= cosacosf — sinasinf —— (2)
From (1)&(2)

cos(a + B) = cosacosf — sinasinf

3.By vector method, prove that
sin(a — B) = sinacosf — cosasinf
Soln: .

Let @ and b are two unit

vectors
a = cosatl + sinaj
b = cospi + sinpj
b x a = sin(a — ,8)(12) -— (1)

~ i j k
bxa=|cosp sinp 0
cosa sina 0

= (sinacosp — cosasinB) (k) — —— (2)
From (1) & (2)

sin(a — B) = sinacosf — cosasinf

4.By vector method, prove that

sin(a + B) = sinacosf + cosasinf

IVDP - KRISHNAGIRI

Soln:

Let @ and b are two unit vectors

a = cosal + sinaj

bxa=sin(a+pk ————- (1)
R t j ok
bxa=|cosp —sinf 0

cosa sina 0

= (sinacosp + cosasinf)k — — —— (2)
From (1)&(2)
sin(a + B) = sinacosp + cosasinf

5.Prove by vector method that the perpendiculars
(attitudes) from the vertices to the opposite sides
of a triangle are concurrent.
Soln:

0A=d,0B=b, 0C=¢
AD1BC ; BE LCA
To prove CFLBA
Case:1 AD1BC

Case:2 BE L CA

0A-BC=0 OB-CA=0
(0C -0B) =0 0B - (0A-0C) =0

From (1) + (2)= d -¢—b
(@G-b)-¢=0
(0A-0B)-0C=0
BA-0C =0
BA-CF =0= CFLBA

Hence, the perpendiculars (attitudes) from the vertices
to the opposite sides of a triangle are concurrent.

6Ifd=i—j,b=1i—j—4k,¢=3j—kand
d = 2i + 5j + k verify that
(@xb)x (éxd) =[dbd]¢-[dbc|d
Soln:
N t k
axb=11 -1 ol|=41+4j
1 -1 —4
1k
cxd=10 3 —-1|=8i—2j—6k
2 5 1
. t k
(@xb)x(éxd)=14 4 o
8 -2 —6
= —241+ 24f — 40k — — — — — —— - (1)
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.1t -1 0
[@,b,d]=1]1 -1 -4|=28,
2 5 1
. 1 -1 0
[d,b,¢] =1 -1 —4|=12
0 3 -1
@b, d]¢ - [d,b,¢]d = 28(3] — k) — 12(2i + 5) + k)
= —241+424j — 40k — — — — — —— - (2)

From (1), (2)

—

dxb)x (¢xd)=[dbd]¢-[db,c|d

Try Yourself:

—.

(@xb) x (¢ xd) =[a¢d]b-[b¢dla

7.0fd = 2i + 3j — k, b = 3i + 5j + 2k,and
¢ = —i — 2j + 3k verify that
dx(bx¢)=(a-é&b-(a b)c

-

Soln:
. I )
bxcé=|3 5 2/=191—11j-k
-1 -2 3
. i ] k
ix(bxé)=|2 3 -1
19 -11 -1
=—14i— 17 = 79k ——> (1)
a-¢=(20+3j—k)-(-i—2j+3k)=-11
d-b=(20+3]—k)-(3t+5/+2k) =19

@-©b— (a-b)é=—-11(3i+ 5) + 2k) — 19(-1 - 2j + 3k)
@ Ob—(d b)é=—-14i— 17— 79% ———> (2)
From (1),(2)

dx(bx¢)=(a éb-(a b)é

Try yourself:

(@xB)x¢= @ &b-(b-¢)a

MODEL- I

8.Find the non-parametric form of Vector Equation,
and Cartesian equation of the plane passing
through the point (0,1,-5) and parallel to the
straight lines
7 = (i +2j — 4k) + s(2i + 3j + 6k) and
7= (i-3j+5k)+t(i+]j—k).

Soln:

IVDP - KRISHNAGIRI

=0i+j—5k b=20+3j+6k é&=i+j—k

Qu

Vector Equation: 7# = d + sb + t¢

#=(00+j—5k)+s(20+3j+6k)+t(i+j—k)

X—=X1 Y=V1 Z2—7;
Cartesian Equation: b, b, b; =0
(41 C2 C3
x—0 y—1 z+5
2 3 6 [=0
1 1 -1

x-0)(-3-6)—-(@-D(-2-6)+=+52-3)=0
—-9x+8y—-z—-13=0
or 9x —8y+z+13=0
Non Parametirc Vector Equation:
#-a) (bx?&)=0
7-(9i—-8j+k)+13=0
9.Find the non-parametric form of Vector Equation,
and Cartesian equation of the plane passing

through the point (2,3,6) and parallel to the

straight lines
x-1 __y+1 _ z-3 x+3 _ y-3 _ z+1
2_3_1adz_—5_—3

Soln:

G=20+3j+6k b=20+3j+k é=20—5 -3k
Vector Equation: 7 = @+ sb+té

7= (20+3)+6k)+s(2i+3j+k)+¢(2t— 55— 3k)

X=X Y=V Z2— 21
Cartesian Equation: | b; b, b; |=0
o) cy 3
x—2 y—3 z—6
2 3 1 [=0
2 -5 -3

(x=2)(-9+5) - —=3)(-6-2)+(z—6)(-10—-6) =0
—4x +8y—16z+80=0

(or) x—2y+4z—-20=0

Non Parametirc.Vector Equation:
F-a) - (bx&) =0
=7 (1—-2j+4k)-20=0

10. Find the non-parametric form of Vector
Equation and Cartesian equation of the plane
passing through the point (1,-2,4) and

perpendicular to the plane x+ 2y —3z =11 and
parallel to the line xgﬂ = ? = % .
Soln:

G=1-2j+4k b=1+2j-3k ¢&=31—j+k
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Vector Equation: 7 = d@ + sb + t¢

7= (0—2j+4k) +s(i+ 2 —3k ) + (30— j + k)

X=Xy Y=V Z—2Z
Cartesian Equation: | by b, b; |=0
1 2 C3
x—1 y+2 z—4
= 1 2 -3 1=0
3 -1 1

x-D2-3)-+2)A+9)+z—-49)(-1-6)=0

—x—10y—7z4+9=0 (or)
x+10y+7z—9=0

Non Parametirc.Vector Equation:

@F-ad)-(bx¢)=0
7-(i+10j+7k)—9=0

11.Find the parametric form of Vector Equation, &

Cartesian equations of the plane containing the

line7 = (i—j+3k) +t(2i —j+ 4k) and

perpendicular to plane7. (i + 2j + k) = 8.

Soln:d =1—j+3k b=20—j+4k

C=1+2]+k
Vector Equation: 7 = d@ + sb + t¢

P=(1—-j+3k)+s(2t—j+3k)+t(f+2/+k)

X=Xy Y=V Z—Z
Cartesian Equation: by b, b; |=0
€1 C2 C3
x—1 y+1 z-3
2 -1 4 |[=0
1 2 1

x-D1-8)—-@+D2-49+(z-3)4+1)=0
—-9x+2y+5z—4=0
(or) 9x—2y—5z+4=0
Non Parametirc.Vector Equation: (7 —d) - (E X¢)=0
=7 (9i—-2j—5k)+4=0

12.Find the non-parametric form of vector eqn, and
Cartesian eqns of the plane

F=(6i—j+k)+s(—i+2j+k)+t(-5i—4j—5k).
Soln:

Gd=6l—j+k b=—1+2j+k &=-5i—4j—5k
Vector Equation: 7 =@ + sb + ¢

#=(61—j+k)+s(—t+2]+k)+t(-5{—4f — 5k)

X=X1 Y—=V1 Z—7;
Cartesian Equation: | b; b, by |=0
x—6 y+1 z-1
-1 2 1 |=0
-5 —4 -5

IVDP - KRISHNAGIRI

x—6)(-10+4)-+1DGE+5+EZ-1DA+10)=0
—6x — 10y +14z+ 12 =0 (or)
3x+5y—-7z—6=0
Non Parametirc.Vector Equation:
F-d) - (bx¢)=0
= r-(31+5/-7k)—6=0
MODEL-II

13.Find the non-parametric and Cartesian form of
the eqn of the plane passing through the points
(-1,2,0), (2,2,-1) and parallel to the straight line

x-1 2y+1 _ z+1
2 T -1

1
oln:

%]

G=—01+2j+0k b=20+2j—-k ¢c=i+j—k
Vector Equation: 7 = (1 — s)d + sb + t¢

F=Q-s)(—t+2)+s(2i+2j—k)+t(i+j—k)

X=X1 Y=V Z—Z
Cartesian Equation: |X2 —=X1 Y2 —=Y1 22— 21| =0
€1 C2 C3
x+1 y—-2 z—-0
3 0 -1 (=0
1 1 -1

x+DO+1D)-@-2)(-3+1D+(z-0(3B-0=0
x+2y+3z—3=0
Non Parametirc Vector Equation:
@G-a-[(b-a)xc]=0
r-(1+2j+3k)=3
14.Find the non-parametric form of vector eqn,
Cartesian eqns of the plane passing through the

points (2,2,1), (9,3,6) and perpendicular to the
plane 2x + 6y + 6z = 9.

Vector Equation: 7 = (1 — s)d + sb + t¢

F=(1-s)(2i+2j+k)+s(9i+3j + 6k) + t(2i + 6j + 6k)

X=X Y=V1 Z—Z
Cartesian Equation: |X2 =X1 Y2 —Y1 Z2—%1| =0
€1 C2 C3
x—2 y—2 z—-1
7 1 5 |=0
2 6 6

(x—2)(6-30)—(y—2)(42—-10)+ (z—1)(42-2) =0
—24x — 32y +40z+72=0
(or) 3x+4y—-5z—9=0

Non Parametirc Vector Equation:
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@F-d)[(b-d)x¢ =0
7-(3i+4j—-5k)-9=0

15.Find parametric form of Vector Equation and
Cartesian equations of the plane passing through
the points (2, 2,1), (1,-2,3) and parallel to the
straight line passing through the points (2, 1, -3)
and (-1,5, -8).

Soln:

k b=1-2j+3k é=-31+4j—5k
Vector Equation: 7 = (1 — s)d + sb + £¢

P=(1-s)(21+2)+k) +s(i— 2]+ 3k) + t(-31 + 4§ — 5k)

X=X Y= Z7Z
Cartesian Equation: |[X2 = X1 Y2 =V1 Z2 —Z1( =0
o) ) 3
x—2 y—2 z—-1
-1 —4 2 |=0
-3 4 -5

x-2)20-8)-(y-2)B+6)+(@z-1)(-4-12)=0
12x — 11y —16z+ 14 =0
Non Parametirc Vector Equation:
#-a) [(b-d)xc]=0
7-(120-11j — 16k) + 14 =0
MODEL-III

16.Find the parametric vector, non-parametric
vector and Cartesian form of the equations of the
plane passing through the three non-Collinear
points (3,6, -2), (-1, -2,6) ,and (6, 4, -2).

Soln:

d=30+6/—2k b=-i—2j+6k ¢=6i+4j—2k

Vector Equation: ¥ = (1 — s — t)d + sb + t¢

F=(1-s-t)(3i+6j—2k) +s(—i — 2j + 6k) + t(61 — 4] — 2k)

X=X Y=V Z—Z
Cartesian Equation: |X2 —=X1 Y2 —Y1 22— Z1[{ =0
X3 =X Y3—V1 Z3— 71
x—=3 y—6 z+2
—4 -8 8 [=0
3 -2 0

(x=3)0+16)—(y—6)(0—24)+(z+2)(8+24)=0
16x —48 + 24y — 144+ 322+ 64 =0
(or) 16x+24y+32z—-128=0
2x+3y+4z—-16=0

Non Parametirc Vector Equation:

IVDP - KRISHNAGIRI

F-d)-[b-d)xE-d)]=0
P-(21+3j+8k)—16=0
17. Derive the equation of the plane in the
intercept form.
Soln:
A(a,0,0),B(0,b,0),€(0,0,¢c)
d=ai+0j+0k,

b = 0l + bj + 0k and & = 0% + 0f + ck,
Vector Equation: ¥ = (1 — s — t)d + sb + t¢

#=(1—s—t)al +sbhj + tck

X=X1 Y=V Z—24
Cartesian Equation: |X2 = X1 Y2 —Y1 Z2— 21| =0
X3—=X1 Y3—V1 Z3—7Z1
x—a y z
—-a b 0]=0
-a 0 ¢
Xy z
a-l-b-l_c_1
18. Show that the lines x;—l = %2 = ? and

-4 y-1 . . .
xT = yT = z intersect and hence find the point of
intersection.

Soln:

Condition for intersecting lines

X2 =X1 Y2—=Y1 22— 241
L my ny =0
L m; n;
3 -1 -3
2 3 41=0
5 2 1
Let X1_¥2_238_.
2 3 4
= (x,y,2)=Q2s+13s+2,4s+3)
x—4_y_—1_ _
T T —Z=t

= (xy2)=0Gt+42t+1,¢t)
At the point of intersection
(2s4+13s+2,4s+3)=(5t+42t+1,¢t)
~wegets=-1, t=-1

The point of intersection (x,y,z)=(—1,—1,—-1)

12" STD - VETRI NAM KAYIL *FREE EDITION NOT FOR SALE

MATHEMATICS




.t J Try yourself.

= Show that the lines x3;g=y_—_13,z— 1=0 and
XT_G = Z;—l,y — 2 = 0 intersect and hence find the point

- ion. Hint: =3 =Y3_71g x6_z1_

of intersection. Hint: > =170 & = =
y-2

0

y’

/

= Find the parametric form of a vector equation of

€

a straight line passing through the point of intersection

of the straight lines # =i+ 3j —k + t(2i + 3] + 2k)

X=2 -4 zZ+3 .
and - = yT == and perpendicular to both
; ; int: 221 _y23 _z#1 2 _y4_

straight lines. Hint: =3 = & =5 =
z+3

4

' |

= i -1 1 z-1 -3 y-

=" If the two lines %=%=ZT and XT=¥=Z

intersect at a point, find the value of m.

ANALYTICAL GEOMETRY

5 Marks

Hints:

Equation of circle with centre(0,0)and radius r

X% +y? =12

Equation of circle with end ponts (x4, y1)&(x3,y2)
(x—x)x—2)+ (Y -y —-y2)=0
Ellipse ¢ = a?m? + b?, point of contact (—aZTmh—:)
Hyperbola c? = a?m? — b?, point of contact (— uZTm, - ?)
1.Find the equation of the circle passing through
the points (1,1),(2,-1), and
(3,2)

Soln:

A(1,1),B(2,-1),C(3,2)

M, =Slope of AB =22 =121 = _p

X%, 2-1

M, = Slope of AC = E = %
my Xmy, =-1 24 =90°

End points of diameter B, C,the eqn of circle
(x—x)x=x)+ =y —y2) =0
x=2)x-3)+@+DHE-2)=0
x2+y2-5x—y+4=0

IVDP - KRISHNAGIRI ‘

2.Find the equation of the circle through the points
(1,0),(-1,0), and (0,1).

1)

T

(-10) T am

Soln :
End point of diameter of (1,0), (—1,0)
Centre(0,0), radius=1
Equation of circle x2 + y% = 1
3.Show that the line x —y + 4 = 0 is a tangent to
the ellipse x? + 3y* = 12.Also find the coordinates

of the point of contact.

Soln :
x—y+4=0 x?2+3y?=12
_ Ly
y=x+4 12+4—1
m=1c=4 a’=12,b* =4

Condition:c? = a?m? + b?
¢ =16 = a?m? + b?
x—y+4=0is a tangent to x? + 3y* =12
Point of cont t.(_az_mﬁ)— 31
oint of contact: —)=(31)

4.Show that the line 5x + 12y = 9 is a tangent to
the hyperbola x?>—9y? =9,also find point of

contact?
Soln :
5x+ 12y =9 x2—-9y?2=9
_ 5 3 x? y?
=>y= 12x+4, =>9 1—9
_>5 3 2_9 B2 —
m=-—_-,c=7 a 9,b°=1
Condition c? = a’?m? — b?,
2_9 _ 2.2 12
= ¢* =g =a'm b

5x + 12y = 9 is a tangent to the x> —9y? =9

2 2
Point of contact is ( — w, L (5,— i)
c 3

c

5.A bridge has a parabolic arch that is 10m high in
the centre and 30m wide at the bottom. Find the
height of the arch 6m from the centre, on either
sides.

Soln: x? = —4ay — ——— (1)

At (15,—-10)
(1) = (15)% = —4a(—10)

225
T 40
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W=x*=-4(2)y-——— @
At (6,—y1)
(1) = (6)% = -4 x 22 (=yy)
1o

Required heightis 10—y; =10-1.6 =8.4m

6.At a water fountain, water attains a maximum
height of 4m at horizontal distance of 0.5 m from
its origin. If the path of water is a parabola, find the
height of water at a horizontal distance of 0.75 m
from the point of origin.

Soln:
x? = —4ay — ——— (1)
At (=0.5,—4)

/ N
- By *
[+

wsey © T fos4

(1) = (—3)? = —4a(—4)

1
= q=—
64

(1)= x?2=—-4 (%) -—(2)

At (0.25,—y,)

& oy =y =1
<1 N1 V1=

1\2 1
@)= (;) =—4x () =
Required distanceis 4 —y; =4—-1=3m

7.Parabolic cable of a 60m portion of the roadbed
of a suspension bridge are positioned as shown
below. Vertical Cables are to be spaced every 6m
along this portion of the roadbed. Calculate the
lengths of first two of these vertical cables from the
vertex.

Soln:
x2=4qy ——————— — (1) =l miaand

At (30,13) = 302 = 4a(13)

900

= a 52

1=

x? =4 x%y: 2=%y————>(2)
(DAt (6,y1)

(2)=>62=%y1 :%:ylzyﬁo.sz

Height of the first cableis 3 +y; =3+ 0.52 = 3.52
(i)At (12,y,)

2 _ 900 144x13 _
(2)=12"=T5r2 = 5 =2
=y, =2.08

Height of the second cable is
34+y,=342.08=5.08m
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8.Assume that water issuing from the end of a
horizontal pipe, 7.5 m above the ground, describes
a parabolic path. The vertex of the parabolic path
is at the end of the pipe. At a position 2.5 m below
the line of the pipe, the flow of water has curved
outward 3m beyond the vertical line through the
end of the pipe. How far beyond this vertical line

will the water strike the ;
ground? B 7Y E—
Soln: x? = —4ay — ——— (1) S

At (3,-2.5),
()= (3)% = —4a(-2.5)

——Qx,.15)

9
> aq=—
10

W= Z=—4(>)y-—— @)
At (x1,-75) (2) = (1,)% = —4 X =(~7.5)

= (x1)?=9%x3=2x;=3V3m

9.0n lighting a rocket cracker it gets projected in a
parabolic path and reaches a maximum height of
4m when it is 6m away from the point of
projection. Finally it reaches the ground 12m away
from the starting point. Find the angle of projection

Soln: v

x2 = —4ay - (1) T -_l— -

At (6, _4) _/s. ‘ 8(6. —4)
3

_ 36
16

(1) = (6)? = —4a(-4) =a

2
T4
(1) =>x2=—4ay =>x*=—-4 (Z)y
=x2=-9y————(2)

) diffow.r.t.'x' = 2x = —9%

H_Zx
dx -9
At(—6,—4) =2 =29
dy _f
d—x—tan6—3
. p— -1(4
s 0 =tan (3)

10.A tunnel through a mountain for a four lane
highway is to have a elliptical opening. The total
width of the highway (not the opening) is to be
16m, and the height at the edge of the road must be
sufficient for a truck 4m high to clear if the highest
point of the opening is to be 5m approximately.
How wide must the opening be?

Soln: I

AT (8)
xZ y2 = -
;+b—2=1————>(1) / } N
Givenb =5 Ty s f
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At (8,4)
82 42
(2) = ; ; =1

82 16 _ 25-16 _ 9 _ (3)2

a? 25 25 25

8 3 40
oD>D>—-=—-=>q=—

a 5 3
Required opening is 2a = % = 26.66m

11.The maximum and minimum distances of the
Earth from the Sun respectively are 152 x 10° km
and 94.5 x 10° km. The Sun is at one focus of the
elliptical orbit. Find the distance from the Sun to
the other focus.
Soln.

SA'=a+c=152x10°
SA=a—c=945x10°
Subtracting 2¢ = 57.5 X 10 = 575 x 10° km

Earth_
Y

Distance from the Sun to the other focus is
S§S" =575 x 10° km.

12.A semielliptical archway over a one-way road
has a height of 3 m and a width of 12 m. The truck
has a width of 3 m and a height of 2.7 m. Will the
truck clear the opening of the archway?
Soln.

From the diagrama = 6and b = 3

2 2
Equation of ellipse as z—z + 331—2 =1-—-——(1)

At yy) (1):(3) +—_1

7

9 4 O\
yl =9 (1 - m) 60 i (O
, 135
Yr =71¢
V135

Vi = T =2.90m

The truck will clear the archway.

13.A rod of length 1.2 m moves with its ends
always touching the coordinate axes. The locus of
the point P on the rod 0.3 m from the end in

contact with x-axis is an ellipse. Find the
eccentricity.
Soln: e
Right angle triangle PAC \!f\‘ e
pONF(x.3)

2 yi° ’ = 3

sinf =22 = sin?0 =2 — —— D N Ea
03 0.09

Right angle triangle BPD

x42

X
cos = — = cos%?0 = — —— (2)
0.9 0.81
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Y1

(1*+(2)?*=> m + —0 i cos?0+sin?0 = 1
2
The locus of (x4, y,)is ﬁ + m =1
This is ellipse
- a2-p2
Eccentricitye = |—
_ [o81-0.09 _ 072
TN 081 yos1
8 22
= 2=
97 3

14.Points A and B are 10km apart and it is
determined from the sound of an explosion heard
at those points at different times that the location
of the explosion is 6 km closer to A than B . Show
that the location of the explosion is restricted to a
particular curve and find an equation of 1t

Soln: 4

2ae =10 =ae=5;
2a=6 =a=3

3e=5 = e=2>1,

~ The curve is an hyperbola.

b2=a2(ez—1)$b2=9(§—1)

Y b2 = 9 (—25_9) == b2 = 16
9
i s Z_Y_ g2 Y
Equation of hyperbola is prii i 1= s 16

15.Cross section of a Nuclear cooling tower is in the
Z

shape of a hyperbola with equation %—m =1
The tower is 150m tall and the distance from the
top of the tower to the centre of the hyperbola is
half the distance from the base of the tower to the
centre of the hyperbola. Find the diameter of the
top and base of the tower. y

Soln:

2
Given :?—44—2=1—>(1) l;l;

At (x4,50)

xD?  (50)* _ (xD? _ (50)
MD=S0 e =125 =1+75

x; = 45.41m
-~ the diameter of the top is 2x; = 90.82m
At (x,,100)
(x2)? _ (100)% _ (x2)* (100)*
M= 302 442 1= 302 =1+ 442
Xy = 74.49m

~ the diameter of the base is 2x, = 148.98m
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COMPLEX NUMBERS

Important Hints:

Li=+vV-1,i=-1,i=—j,i*=1,i*""=1

2.Rectangular form of a complex number is x + iy real
partis x, Imaginary partisy.

3.The conjugate of the complex number
Zz=Xx+lyisz=x —ly

e

5.Triangle inequality: For any two complex number z;

4.1f z = x + iy then modulus of z is |z|

and z, , |21 + 73| < |z1] + |22]&

z1] = 122l < |21 + 25| < |24] + |25]

z|+a Z|l—a
6./Jatib=+ \/l |2 ii\/l |2

7.Additive inverse of z = —z , Multiplicative inverse of

.1 —
Z1S— =12
z

8.z isreal ifany only if z = Z and

z is purely imaginary if and only ifz = —Z
9.Distance between two complex numbers, z; and z,
is|z; — z,]

10.|z — zy| = r is the complex form of the equation of a

circle. Centre is z; and radius is r.

5 Marks

1.If z = x + iy is a complex number such that
z_‘“_ = 1, S.T. the locus of z is real axis.
z+4i
Soln:

z=x+1iy
2 il = |z 4+ 4
|Z+4i|_ = lz =4l =z + 4

[x + iy — 4i] = |x + iy + 4i]
lx +ily = DI? = lx +i(y + HI?

X2+ (y—4)?=x*+(y+4)?
16y =0

y=0

~zisreal

2.If z = x + iy is a complex number such that

(2,Z+1) = 0, show that the locus of z is
iz+1

2x2 +2y? +x -2y =0.
Soln:

IVDP - KRISHNAGIRI ‘

Given Im (2Z+1 ,putz =x + iy

i(x+iy)+1

bc—ad
c2+d?

)=0
(2(x+zy)+1)
)=0

(2x+12y+1
ix+i2y+1

m (G 55) =0

2y(1-y)—x(2x+1)\ _
( (1-y)2+x2 ) =0

2y —2x%2 —2y? —x=0 (or)

m (a+ib) _
c+id)

2x2 4+ 2y +x—2y=0

3.If z = x + iy is a complex number such that
Re( 1) 0, S.T the locus of zis x* + y% = 1.
Soln:

Given Re (Z;l) =

(x+1y 1)
x+iy+1

,putz = x + iy

(x—D)+iy\ _ a+ib _ act+bd
((x+1)+ly) - Re (c+id) T c2+d?
((x D (x+1)+y? )
(x+1)2+y?

X2-1+y*=0 = x2+y* =1
4.1f z = x + iy is a complex number such that

arg (573) =
Soln:

g, S.T the locus of zis x? + y? = 1.

Given arg( +i) = putz = x + iy

o (5257
s (55)

(Y(x+1) y(x-1 )
(x—=1)(x+1)+y?

(y(x+1) y(x— 1))
(x—1)(x+1)+y2

(x—1Dx+1)+y?=0
X-1+y2=0 = x> +y*=1

ar (a+ib) _ tan‘l (bc—ad)
g c+id) ac+bd

tan™

NI:l
olr

5.If z = x + iy is a complex number such that

z—i
arg (3;)
x> +y*+3x—-3y+2=0.
Soln:

= %, show that the locus of z is
i T )
Given arg (—2) =7 putz =x +iy
x+iy—i\ _ s
arg (x+iy+2) T4
x+i(y—1)) _n a+ib) _
arg ((x+2)+iy T4 arg (c+id) = tan

-1 ((x+2)(y—1)—xy) _T
x(x+2)+y(y—1)

1 (bc—ad)
ac+bd

tan =
4
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(x+2)(y-D—xy\ _ T _
(x(x+2)+y(y—1)) - tan4 =1

x+2)-D-xy=x(x+2)+yr -1
x2+y2+3x—3y+2=0
Try yourself

If z = x + iy is a complex number such that
arg (Z+ 1) g, show that the locus of z is

V3x2 +v3y?-2y-3=0.

6.If z = 3 + 2i, represent the complex numbers
z,iz,and z + iz in one Argand plane. S.t. these
complex numbers form the vertices of an isosceles

right triangle.
Soln: A
Given, z = 3 + 2i N

_2=_2+3i -2 -2 10 1.2 3 4

Then iz = i(3 + 2i) = 3i
z+iz=1+5i S

Let zy =z=3+4+2i, z,=iz=-2+3i,
zz3=z+iz=1+5i
AB = |z; — 75| = |(3 + 20)— (-2 + 3i)|
= 15-il =(5)2+ (-1)? = V26
BC = |z, — z3] = |(~2 + 3i) — (1 + 50)|
-|-3 21l = /37 F (-2 = V13
A =|z3 —z| =11+ 5i) — 3+ 2i)|
=|-2+3i| =/(=2)2 + (3)2 = V13
BC? + CA® = AB* =26

~ Given complex numbers form the vertices of an
isosceles right triangle.

7.Show that the points 1, _71 + i\/Z—§ and% - i\/z—gare
the vertices of an equilateral triangle.
Soln: .
-1 A3
— _ -1, .43 _ 1 .3 27
Let z, =1 2z, = St z3= i
o ~
4B =z —z) =|1 - (Z+i2)| =3 e
_ (-1, .V3 - _
BC = |z, — 23| —|(7+l7)—(7— — |—|0+l\/_|

s

CA = |Z3 _le = |(___l
AB=BC=CA
triangle.

8.If 4, z; and z3 are three complex numbers S.T

- Given points are the vertices of an equilateral

|z1] =1, 23| = 2, |z3] =3 and |21 + z; + 23| = 1,
show that |92,z + 42,23 + z,z3| = 6

Soln:

Given |z1| =1,| 23| =2, |z3] =3 and |z; + z, + z3| =1

“z|12 =22, 2021, =1,2,2; =4 ,2325=9

Re
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1 4 9
z z Zy| = | =Tt =1T—=
121 + 25 + 23] =tz %
|ZzZ3+4le3+92122|

1=
|z11] 22| 23|
12223 + 42123 + 9212, | = |24]| 25| Z3]
=1x2x3=6

9.If z{, z, and z3 are three complex number S.T.
|z1] = | z2| = | z3| =r > 0and

zZy + z, + z3 # 0. Prove that nzattalstish)
z1+tzy+23
Soln:
Given |z;| = | zy| = | z3] =71 v |z|? = zz

=" 2,=0 =1
1_2' Z_Z, 3_2
2 2
r r r
lz1 + 2+ 23| = | —+—=+—=
Z2 Z3

Z1 Z3+%Z5 Z3 +Z3 Z;

Z123 73
1212242223 +21 23|
|z + z, + 23| = rz—r3
_ |z123+2523+2, 25|
r
Z12Z9+2Z9Z3+273Z1 =r
z1+2zp+23 -

10.Suppose z4, z, and z3 are the vertices of an
equilateral triangle inscribed in the circle |z| = 2. If

z, = 1+ i+/3, then find z, and z;.
Soln: = PR

Given, |z| =r = 2 and oilane
21=1+i\/§; ' r

9=a=tan‘1(?)=g

, 3
- Euler’s form of z; = re'® = 2e%

. . . . 2
Clearly, z, is rotation of z;anti-clockwise by ?n

L2TC T 2T

Re Z, = ZlelT =2e3e'3 = 2" =2

Clearly, z3 is rotation of z, anticlockwise by%r

21
z3 =zze’?=—2(— %+i§) =1-iV3
Note :

z= (1)% = (1w, w?)

-1 .V3
Here w =7+1—,w2

.3
2 2

T2

11.Solve the equation z3 + 8i = 0, where z € C.
zZ24+8i=0

z3 = —-8i

Soln:
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z3=(2i)3x1
1
z=2 x(1)3
z=2i(1,w, w?)
e o -1, .3 (-1 .3
z = 2i, 21(74-17), 21(7—17)
z=2i,—i—V3,-i+3

12.Solve the equation z3 +27 =0,wherez e C

Soln: z3+27=0
z3=-27=-3x-3x-3
z3=(-3)3%x1

1
z=-3x%x(1)3

z=-3(1,w,w?)
-1 .3

7=-3,-3w, —3w? =-3 3(—% +1i \%T)’ -3 (7 —1 g)

13.If w # 1is a cube root of unity, show that the

roots of the equation (z — 1)3 + 8 = 0 are

-1,1-2w,1 - 2w?.

Soln:

(z—13+8=0
(z-1)3%=-8=(-2)3x1
1
(z—1) = -2 x (1)
z—1= —2(1’ w, (/)2) = —2, —2(1), —2(1)2

Z=—1,1 - 2w, 1 — 2w?

14.Find all the cube roots of V3 + i

Soln:
. L
Let z3 =re’? = z = (re'?)s

2= (V3 +i)

r= W3 + )2 =2

0=a=tan"?! (\/%) =

n
6
V3 +i = 2cis (g)

(/3 + 9 = b (2 £07)

N

k=0, z =23 ClS(E)
1

k=1 z=23 cis(lf—:)
1

k=2 z=2 cis(zls—:)

15.If cosa + cos B + cosy = sina + sinf + siny = 0,
show that

IVDP - KRISHNAGIRI

(i)cos3a+cos3B+cos3y=3cos(a+f+7y)
(ii)sin3a+sin3B +sin3y =3sin(a+ B +y).
Soln:

a=cosa+isina, b=cosf +isinf, c =cosy+isiny

ifa+b+c=0thena?+ b3+ c® =3abc

(cosa + isina)® + (cos f + isinB)3(cosy + isiny)3
= 3(cosa +isina)(cosp + isinB)(cosy + isiny)

(cos3a + cos 3B + cos 3y) + i(sin 3a + sin 38 + sin 3y)
=3[cos (a + B +y) +isin(a+p +7)]

(i) cos3a + cos3B + cos3y = 3cos(a + B +y)
(ii) sin3a + sin 3B + sin3y = 3sin(a + 8 + y)
16.If2cosa = x + iand 2cosB=y+ i, show that
) R —
(1)y +1= 2cos(a—fB)
(ii) xy—% = 2isin(a+p)
(iii)’;—: - :—; = 2isin(ma —nf)
1

(iv)x™y™ + =2 cos(ma +np)

xmyn -

Soln:
Given x + i = 2cosa

Let x = cosa + isina,

similarly y = cosf + isinf
(i) 5 = cos(a — B) + isin(a — B)
% = cos(a — B) — isin(a — B)
;C—/+£ = 2cos(a —p)
(i) xy = cos(a + B) + isin(a + B)
% = cos(a+ B) —isin(a + B)
Xy — $ = 2isin(a + B)
(iii) j}—: = cos(ma — nf) + isin(ma — np)
z—; = cos(ma — nfB) — isin(ma — np)
J;—r: - z—; = 2isin(ma —nf3)

(iv)x™y™ = cos(ma + nf) + isin(ma + np)

= cos(ma + npB) — isin(ma + nf)

xmyn
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1

xMy™ + prrvere 2cos(ma + np)
2,3 Mark

1.Evaluate

Soln:

(i) 1729 =
(if) {71924 4 2018 — (0 L 2 — 1 _ 1 = 0
(iii) % + lsig — 59 _ 59 —

(iv) ii2i3 ..... Q%0 = j1+2+3++40

= 1(40+41) =820 — 1

2.Ifzy =6+7i, z; =3-5i

Soln:

z1+2,=(6+3)+i(7—-5)=9+2i

71 —2,=(6—-3)+i(7+5)=3+12i

2125 = (6 + 71)(3 — 5i) =18 —30i + 21i — 35(—1)

=53—-9i
z _ 6+7i _ —17+51i -17 E a+ib _ (ac+bd)+i(bc—-ad)
z, 3-5i 34 34 34 c+id c2+d>?
o (19-70\12  r20-51\12
3.Show that (i) ( o7 ) ( T ei ) is real
Soln :
19-7i . 20-50 _ .
o 2T h g Tt
<19 - 71‘)12 N (20 - 5i>12

7Z =

9+1i 7 — 6i
z=Q-D2+2+)??
z=Q+D?+2-0D1?
Z=2z ,zisreal

. (19+9i\15 8+i\15 .

4.Show that (i) ( = 3i) - (H) is purely
imaginary
Soln:
19+9i S8+ o o
T T 2+ 31,1+2i =2-3i

19+9i\15 8+i\1°
z= (5—31’) - (1+2i)
z=2+3D® - 2-3)"
z=02-3D"® - 2+3)®

NI

=-z
- z is purely imaginary.
5.1f z=3 + 4i, then find z7!

Soln:
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_ 3-4i _ 3-4i

-1 _ 1 _ 1
z  3+40i  32+42 25

VA =

3 —4i 1

T 257 s
6.1f z= (2 + 3i)(1 — i), then find 7!

_ (a=ib)
a+ib ~ a?+b?

Soln:
z=2—-2i+3i+3i(-i)=24+i—-3=—-1+1i
41 1 —-1-1i
VA = —= =
z —1+i (—1)2+12

_ —-1-—1i _ -1 i

2 2 2
71fz, =3, z,=-7i, z3 =5+ 4i show that
z1(22+23) = 2123 + 2123
Soln:
Z1(22+Z3) = 3(5 - 3l) = 15 -9 - — d (1)

(1),(2) = z1(z5+23) = 212, + 2123

8.Which one of the point i, —2 + i and 3 is farthest
and shortest from the origin?

Soln :
Letz; =i,
|z = lil =12 =1

|z,] = -2+l = /(-2 + 12 =5

|z3| = |3| = 3Farthest point is 3 and shortest point is i

9. Which one of the point 10 — 8i, 11 + 6i is closest
tol +1i.
Soln :

Letz; =10 — 8i,
|z, — z| = [(10 — 8i) — (1 + )| = |9 — 9i|

= 57+ (97 =12
z, —z| =[(11+ 6i) — (1 +i)| = |10 + 5i|

= /102 + 52 = V125
11 + 6iis closestto 1 + i.
9 .1f(1+)(A+2D)A+3)....... A+ ni) =x+iy
2.5.10.....(1 + n?) = x% + y2.

Z2=_2+i, Z3=3

Z =11+6i, andz=1+1i

then show that

Soln:
[+ DA+ 201 +30) e eee.. (T + )| = |x + iy|
[T+ DA+ 2D+ 3D e e A+ D) = [x + iy]

(V12 +12)(V1% + 22) (V1% + 32) ... ... (V1% + n?)
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(V2)(VB)(VIO) ........ (VIZ ¥ nZ) = 2% F 52
Taking square on both sides
2.5.10.....(1 + n?) = x2 + y?

Square root of a complex number

If z=x+iy,then

VZ=Jxxiy= i( /—'Z'Z” +i /—'Z'z"‘)

10. Find the square root of a complex number

6 —8i,4 + 3i.

Soln:
|6 — 8i| = /(6)2 + (—8)%2 =+/100
|z| =10

o{E-1f

= +(V8 - iv2)
= +(2v2 - iV2)

|4 + 3i| =42 + 32 =25
lz| =5

M=i<\/g+i\/%>
()

-2 (3)

Try yourself:

Find the square root of a complex number —6 + 8i,

—-5—-12i

11. If area of triangle formed by z, iz, z+iz is 50

sq.unit. find the value of |z|.
Soln : Area of triangle = % |z|> = 50
|z]? =100 = |z| =10
12.1f |z] = 2 showthat3 < |z + 3 + 4i| < 7
Soln:
[lz| — 13 + 4il| < |z + 3 + 4i] < |z| + |3 — 4i]
[2-5|<|z+3+4i|<2+5
|-3| < |z+3+4i|<7
3<|z+3+4i|<7
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13. Find the value of n such that (IH)n =1

1-i
Soln
1+
1-i
1+i\" . . .
(:) =i"=1 Possible values of nis 4,8,12,....
1+\3  /1-i\3 ,
13. Show that (l—_l) - (I—H) = —2i
Soln
L S et
PRI
140\ [1-i\3 _ 3 N3 . o
() -(5) =@ - =-i-i=-2

14.simplify (i)(1+ D)8 (i) (—v3 +3i)°
soln:
O A+D®=(1+1)?»°

= (2i)°

= 512i

() (-3 +30)" = [2v3(-5+ ?)]31
= (23) 0 = (2v3) 0

311 .\3
=(2V3) G +iD)

1+cosZB+isin28]30
1+cos20—isin26

14.Simplify |

Soln

[1+00526+i5in29

———— | = co0s20 + isin26
14+cos20—isin26

[1+00526+isin29 30

— P 30
1+co0s20—isin26 (COSZH + lSanB)

= (cos600 + isin600)
15. Find the locus of z If|z + i| = |z — 1]
Soln:
lz+i| =|z—1]
[x +iy+i| = |x+iy—1|
lx +ily + DI =1x -1 +iyl
X2+ @+ 12 =/(x —1)% + y2
2+ @+1D2=(x—-1)?%+y?

x2+y?+2y+1=x%?-2x+1+y?
2x+2y =0
x+y=0

16. write 31 + ﬁ in rectangular form.
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Soln
_ 2+i 1 (a-ib)
it =30+ a+ib  a?+b?
2-14i _ 2 14i
~ 5 T 5 5
. i(2+i)3
17.Find |5
Soln:
i2+0)3] _ 1(\/22+12) (\/_)
w2l T yme)’ (2 2

18.The complex numbers u,v and w are related by
S=2+-Ifv=3—4iandw =4+ 3i, Finduin

rectangular form.

Soln:
1 1 3+4i . 1 a-ib
v 3.4 25 hint:  ——5 = 512+b2)
11 4-3i
w 4+3i 25
1011 7+i
v w25

25 25(7-0) _ 7 i
T 7+ 50 2 2

19.Show that |3z — 5 + i| = 4 represents a circle,
then find its centre and radius.

Soln:

[3z—(G-10)] =

2= G-9)l =3

centre (2,—%) radius g

Hint:|z — zo| =7

Try yourself

D]z + 2 —i| < 2,(ii) |z — 2 —i| = 3 (iii)

|2z +2 —4i| =2 (iv) |3z— 6+ 12i| =8

20.If w # 1is a cube root of unity , show that

a+bw+cw? a+bw+cw? -1
b+cw+taw? = c+aw+bw?

Soln:

at+bw+cw? atbw+cw? | w?

ctaw+bw? = w?

w(a+bw + cw?) w?(a+bw+ cw?)
a+bw+ cw? a+bw + cw?

=w+w?=-1

b+cw+taw? = w

21.Find the fourth roots of unity.
Soln:

zt=1
(z¥)? =1

Given
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72 = +J1

z2 =41
zZ2=1 z2=-1
z=+V1 z=4+V-1
z=1*1 z=+i

22.Find the cube roots of unity.

Soln:
Given z3 =

z2—-1=0
z-1D(EZ*+z+1) =0
z—1=0 z2+z+1=0
s=1 _ C14iV3

5+(“—~°"—i)5=—v§

23.Show that (‘/73_' + i') =

2

Soln:

(Z+ 1)5 (2= 1)5 = (=)’ + (i0?)® = —iw? + i

2 2 2 2
(-3 i34
-3

22. Evaluate Z,lcgl(cos ? + isin ZkT”)

Soln:

k=0
2kt . . 2km
1+38 1(cos—+ LsmT) =0
py 1(cos—+lSL Zan) =-1

23.If w # 1is a cube root of unity, then show that
the following

M(1-w+w?)’+(1+0-w?)’ =128
(i) 1+ @)1+ 0?)(1+0%) ... (1+ ) =1
Soln:

(i) 1-w+wd)+A+w—w?)b
=(—w— )+ (—w?* - w?)°
= (—2w)°® + (—2w?)*
=64+64=128

() 1+ w)(1+ w1+ o)A + wd

= [(~0?) (—o)][(~w?) (~w)] ..

=1X1xXx1x1x1x1=1

)

upto 6 times

24.State and prove Triangle inequality
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Triangle inequality|z, + z,| < |z;]| + |2, |

Proof:

0A = |z1|,0B = |z,|,0C = |z; + z,]|
InAOAC,  OC < 0A+AC

|21 + 25| < |z1| + 25| == = — = (€Y

Suppose the points are in collinear
121+ 22| = |2 | + 2] = = = == (2)
From (1),(2)

|21 + 25| < |z4| + | 23]

Imil z)

Re(z}

DISCRETE MATHEMATICS
5 MARK

Important hints:

Let * be a binary operation on S

i) Closure property : Va,b €S = a*xb €S

ii) Commutative property: a*x b=b=xa ,Va,b €S

iii) Associative property :
ax(b*xc)=(axb)*c,Va,b,c€S

iv) Existence of identity : a x e = e * a = qa, e is the

identity element, e € S,Va € S

v) Existence of inverse : a™! is the inverse of a

1l=glsxg=¢ ales

1.Verify closure, commutative, associative,
existence of identity, and existence of inverse for
msn=m+n—mn, m,nezZ

Soln:

Closure property:

m,neZ, clearly m+n—mneZ
=~ closure property true

Associative property:
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(I *m) *xn=lx (m *n)

(Ixm)sn=I1l+m+n—Im—mn—nl+Iimn
=l*(m=n)

~ associative property true

Identity property:

mxe=exm=m

m+e—me=m

e=0eZ

-~ identity property true

Inverse property:

-1 _ 1

msm - =m - sm=e=0

ml="" ¢z

1-m
-~ inverse property not true
Commutative property:
mxn=nsm=m+n—mn=n+m-—nm
~ commutative property true

2.Let A be Q\ {1}. Define* on A by x+y =x+y—xy,
Verify closure, commutative, associative,

existence of identity, and existence of inverse

properties satisfied by * on A.

Soln:

Closure property:
xyeQ\{1}, x#1, y+#1
> x+y—xy+1
x *yeQ \ {1} - closure property true
Associative property:
(x *y) x z=x % (y * 2)
-~ associative property true
Identity property:
X*xe=exx=x
e=0eQ\ {1}
-~ identity property true
Inverse property:
x*x l1=xlxx=e=0
x7t=eQ\ (1)
-~ inverse property true
Commutative property:
X*Yy=X+Yy—Xy=y+x—yx=yx*x
- commutative property true

3.Verify closure, commutative ,
existence of identity, and inverse for

associative,
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X X . S
M = {(x x) €ER— {0}}. * be matrix multiplication
Soln:

Let xbe the matrix multiplication.
Closure property:

Let,Az(x x),B:(y y) X,y #0=2xy £0

X X y 'y
AB = <2xy 2xy> M
2xy 2xy

-~ closure property true

Commutative property :

_(2xy 2xy _ (2yx Z2yx
AB_(ny ny) ’BA_(Zyx Zyx)

AB = BA
~ commutative property true.
Associative property:
Matrix multiplication always satisfies associative
property
Existence of identity property: A*xE =FE*x A=A
G DC =G )

2ex = x

eM

Ty

Il
N[RN[R
N[RN[R

-~ identity property true

Existence of inverse property:

1 1
AxA 1 =A1xA=F = % %
2 2
11
X X a a _ 2 2
(x x)(a a)_ 11
2 2
2ax =1 —=a=—
2 4x
R
-'-A_1= 4-1x 4-1x eM
4x E

~ inverse property true

4.Verify closure property, commutative property,
associative property ,existence of identity, and
existence of inverse for the operation X;; on a
subset A = {1,3,4,5,9}of the set of remainders
{0,1,2,3,4,5,6,7,8,9,10}.

Soln:
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X11 | 1 3 4 5 9
1 1 3 4 5 9
3 3 9 1 4 5
4 4 1 5 9 3
5 5 4 9 3 1
9 9 5 3 1 4

Closure property:

From the table closure property true.
Commutative property:

From the table commutative property true.
Associative property:

X411 always satisfies associative property .
Identity property:

Identity element 1€A

~ identity property true

Inverse property:

Inverse element of 1,3,4,5 and 9 are 1,4,3,9 and 5
respectively.

~ inverse property true

5.Verify closure property, commutative property,
associative property,existence of identity, and
existence of inverse for the operation +5 on Zg
using table corresponding to addition modulo 5.
Soln:

+|ol1][2]3]4
0l0|1[2]3]4
1112340
223401
Zs=01234 T o 1] 2
44|01 ]|2]3

Closure property:

From the table closure property true
Commutative property:

From the table commutative property true
Associative property:

+5 always satisfies associative property.
Identity property:

identity element OeZg

-~ identity property true.

Inverse property:
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Inverse element of 0,1,2,3 and 4 are 0,4,3,2 and 1 ~commutative property true

respectively.

. 2,3 Marks
~ inverse property true

1.In an algebraic structure the identity element
must be unique
Soln:

6.Verify closure, commutative, associative,
identity, and inverse property for

a+b
axbhb=—V abe . .
2 Q Let e; and e, be the identity element of S
Soln:
axe,=e xa=a Va €S
Closure property: are,—e,va=a VaES

+b

Clearlya,b € Q =>aT €Q axe =ax*e,
~. closure property tr €1 =6

o y ue

2.In an algebraic structure the inverse element

Associative property: must be unique

(a « b) ¥ C = a+b+2c Soln:
4
ath Let a; and a, be the inverse element of a in S
ax(bxc) = a+b+c
4 axa,=a,*xa=e Va €S
(axb)*xc+ax(bxc) axa,=a,*a=e Va€S
~ Associative property is not true a*a; =ax*da,
Identity property: a, =az
_ _ _[0 1 M1
axe=exa=a 3.LetA—[1 1andB—[0 1]beanytwo
axe=a Boolean matrices of the same type. Find AVB and
ate A AB.
- —a Soln:
— 0 1 11 11
e=a = =
ave=[; vl 1=l

Uniqueness of identity is not preserved nE [0 1] A [1 1 _ [0 1
- identity property is not true 11 0 1 0 1
Inverse property:

~ inverse property is not true

Commutative property:

a+b
a*b:b*a:T

Try Yourself:
1 01 0 0 1 0 1 11 0 1
LetA=|10 1 0 1),B=(1 0 1 0)C=(0 1 1 0] beanythreeBoolean matrices of the same type.

100 1 100 1 111 1
Find ()AVB (ii)AAB (iii) (AVB)AC (iv) (AAB)VC.

4.Showthat poqg=(P->q) A(qQ~Dp)

pla|peq | p2q | gqop ®->aN@G—-p)
T[T T T T T
T|F F F T F
F|T F T F F
F|F T T T T
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5.Show thatp < q = (p A q)V(—q A =p)

peq=E=@->9AN(QG—Dp)
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pla|peq|p| g | pAqg|aqA=p | (PAGV(q A -p)
T|T T F F T F T
T | F F F T F F F
F|T F T F F F F
F | F T T T F T T
peq=@AQV(ngA-p)
6. Show thatp — (=qVr) = =pV(—-qVr)
q -p -q —qVr p = (=qVr) —pV(=qVr)
T| T |T F F T T T
T| T]|F F F F F F
T|F | T F T T T T
T | F | F F T T T T
F | T | T T F T T T
F | T |F T F F T T
F | F | T T T T T T
F | F | F T T T T T
p = (=qVr) = =pV(=qVr)
7.Showthat p—> (g—->r)=(pAq)—>T
P | q|Tr q-r p—(q-r) PAq (PAg) -7
T|T]|T T T T T
T | T]|F F F T F
T|F|T T T F T
T | F | F T T F T
F|T]|T T T F T
F | T]|F F T F T
F|F|T T T F T
F | F | F T T F T

p=2>@->r)=@Aq) >

8.Using truth table whether the statements —(pVq)V(—p A q) and —p are logically equivalent.
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Pl q]| pVq -~(pVq) “PAq ~(PVaIV(=p A q)
T | T F T F F F
T | F F T F F F
F | T T T F T T
F | F T F T F T

9.Show that -(p < q) =p < —¢q

- (pVq)V(—p A q) and —p are logically equivalent.

P q peq (P < q) —q p < q
T T T F F F
T F F T T T
F T F T F T
F F T F T F
(P g =p e g
10. Show that p — q and q — p are not equivalent

P q p—q q—-p

T T T T

T F F T

F T T F

F F T T

p — q and q — p are not equivalent

11. Show thatq— p = -p - q

Pl a | a>p | -» | na | -p—>—q

T | T T F F T

T | F T F T T

F | T F T F F

F | F T T T T

12.Prove that =(p A q) = —pV—q q—=p =P > q

Pl aq | prq | =(rD —p -q —pV—q
T T T F F F F
T | F F T F T T
F | T F T T F T
F | F F T T T T

“(pAq) = —~pV—q
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13.Verify whether the compound propositions are tautology or contradiction or contingency.

(V) A —p) = q

P q pVq -p (V) A-p (®Ve) A-p) = q
T | T T F F T
T | F T F F T
F | T T T T T
F | F F T F T

((pVq) A —p) — q is a tautology.

14.Construct the truth table for (pVq) A (pV-q)

P | q pVq —q pV-q (pVa) A (PV-9)
T | T F F T F
T | F T T F F
F | T T F F F
F | F F T T F

15. show that without using truth table

p-o@-r={@PAq T

Soln: p->(@->r)=-pV(@—-r1)
= —pV(~gVr)
= (=pV-ag)Vr
=a(pAQVr
=(pAg—r

po(@-r)=(@Aq)—>r

16.Show that without using truth table
peoq=@AQV(=qA-p)
Soln:
pea=@->a) A= p)
= (=pVq) A (PV-q)
= (p A @V-V([g A @PV-9)D

17. check whether the p — (q — p)is tautology or
contradiction without using truth table.
Soln:
p = (q—-p)=-pV(q—p)
= -pV(2qVp)
= -pV(V-q)
= (=pVPIVq
=TV—q
=T . p- (q - p)istautology

= [(p AP)V(=p A=) ]V[(@ Ap)V(g A q)]

= [FV(=p A ~q)]VI(q A p)VF]
= (@ Ap)V(=p A —q)
peq=@AQOV(=gA-p)
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DIFFERENTIALS AND PARTIAL
DERIVATIVES

Important hints:

linear approximation :

L(x) = f(xo) + f'(x0)(x — x0)

Euler th : 6f+ of
uler theorem : xax yay nf

Degree =n = N.degree — D.degree

1.Find the linear approximation for
f(x)=v1+x,x > —1,at xo = 3 Use the linear
approximation to estimate f(3.2)

Soln

f(x)=vV1+x, xg=3,Ax =0.2and
hencef(3)=\/1+3=2.

ey 1 _1
f'e0 = J_ = f®=5=="7
L(x) = f(xo) + f(xo) (x = xo)

1 5
—2+Z(x—3)—z+z

f(32)=vV42=1(32) = % + Z =2.050

2.Use linear approximation to find an

approximate value of /9.2 without using a
calculator
Soln :

f(x) =vVx,xy=9,Ax = 0.2
f(9) =3,
fe= % S0 = zix/ﬁ - (2>1<3) =3
L(x) = f(xo) + f' (xo) (x — x¢)
V9.2 = £(9) + f'(9)(x — 9)

1 0.2
=3+2(92-9) =3+ =30333

i1 x+y
3.If u=sin (\/_ \/_> show that
ou N du 1 .
X yay 5 tanu
Soln:

~ f(x,y)is a homgeneous function of degree is
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By Euler theorem,

o a 1
xa(s1nu)+y@(slnu) =§sinu

ou ou 1 y
X—x+y5 —ztanu
T )_x2+ 2 that 6u+ ou 3
Afulx,y —m,prove a xax yay—zu.
Soln:
2 2
x“+y
u(x,y) =

Jx+y

Degree =n = N.degree — D.degree

Tl:E
By Euler th + of
y Euler theorem, xa yay nf
6u+ 6u_3
xax yay_Zu
x2 +y? v v
5Ifv(x,y)=log Xty provethatxa—+yay 1
Soln
+
v(x.y) = log ()
x? +
f:eV: y
x+y

Degree =n = N.degree — D.degree
n=2-1=1

~ f(x,y)is a homgeneous function of degree is

n=1
By Euler theorem, xg +y— of =nf
0x dy
6e de”
Xty os 3y = (e”
av dv
6x ax yay 1

6Ifw(xyz)=1log (W) ,find
aw N aw N aw
ax s dy z 0z
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Soln

5x3y* + 7y?xz* — 75y324
w(x,y,z) =log

x? 4+ y?

W [5%°y* + TyPxzt — 75y 2
f=e"= X2+ y2

Degree =n = N.degree — D.degree
-2=5

~ f(x,y,2)is a homgeneous function of degree is

n=5
d 0

By Euler theorem, x—f+y f f:nf
ox ~ 0y g

de"” ae N de” 5)oW

“ox TV oy Ty =0

7.Prove that g(x,y) = xlog G) is homogeneous,

verify Euler's theorem for g

Soln

9(x,y) = xlog (%)

Degree =n = N.degree — D.degree

THEORY OF EQUATIONS

S oaxd+bx*+cx+d=0
s Sum of co-efficients = 0

=>x=1isaroot

(4

*

% Sum of co-efficientsa+c=b +d
=>x=-1lisaroot
% Otherwise try x = 2 or 3is a root
1.Solve x* — 10x% + 26x%* —10x+1 =0
Soln:
Given x*—10x3+26x>-10x+1=0
(x+5)-10(x+5)+26=0
y?-2-10y+26=0
y:—10y+24=0
y-6)@y-4=0
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n=2-1=1

~ f(x,y)is a homgeneous function of degree is

n=1
By Euler th 6g+ 99 1
uler theorem, x —
y ox yay g
—,09 . .9 _ 0 y 9 y
LHS=x o + yay =xo- (xlogx) + yay (xlogx)
:xlog;:g
ag ag _
Hencexa+y£—1g
y=6 y=4
Case(i) x+-=6 Case(ii) x + = 4
xzx+1:6 x2:1:4
2+1=6x x2+1=4x
X2—-6x+1=0 x2—4x+1=0
-b+vb%-4ac —b+vb2-4ac
X = X=———
2a 2a
=3+2v2 =2++3

2.Solve 6x* —35x3 + 62x2 —35x+6 =0
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Soln: 216 -35 62 -35 6
0 12 46 32 6
3|6 -23 16 -3 |0
0 18 -15 3 L
6 -5 10 o

Reduced equation is

6x2—-5x+1=0

(-2 =0

1
X = 2’3’51

Wk

3.Solve 6x* — 5x3 — 38x% — 5x + 6 = 0 whose one
of the roots is % then find the other roots M-23

Soln: 1

3

6
0
36 -3 39 18 \_0
0 18 45 I8
6

Reduced equation is

6x2+15x+6=0

(x+5)(x+5) =0
(x+2)(x+%)=0

1 1
x=§,3,—2,—5

4.Solvex* +3x3 -3x—-1=0

Selm: 1| 3 0 3 -
0 1 4 4 1
a1 4 4 1 Jo
0 - 3 L~
| 3 1 \_0

Reduced equation is

x243x+1=0

x_—3+ﬁ x_—3—\/§

- 2 2T 2
-3+V/5 —-3-/5

x=1-1== =

5.If 2 + i and 3 — /2 are the roots of the equation
x® — 13x5 + 62x* — 126x3 + 65x? + 127x —
140 = O find all roots.

2+i,3-2
2-i,3+V2

Let assume missing roots a and b.

Soln: Given roots

Other roots

SR:2+i+3—-vV2 +2—i +3++V2+a+b=13
10+a+b=13
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a+b=3
PR : 2 +i)(2-i)(3—-V2)3++V2)ab=-140

5(7)ab = —140

-140 _

ab = 35

-4
x2-3x—-4=0
x-4)x+1)=0

x=4, x=-1

Reduced equation

6.If 1 + 2i and /3 are the roots of the equation
x® —3x% — 5x* +22x% —39x% —39x + 135 =0
find all roots.

Soln: Given roots

1+2i,V3
1-2i ,—V3
Let assume missing roots a and b.
SR1+2i +vV3 +1—-2i +(—V/3)+a+b=3
a+b=1
PR:(1 + 2i)(1 — 2i)(V/3)(—V/3) ab = 135
5(—3) ab = 135

then other roots

ab = % =-9
Reduced equation x*—x—-9=0
—b +Vb% — 4ac
= 2a
_ 13V12-4x1x-9 _ 1+V37
2x1 2

7. Solve the eqn 3x3 — 16x? + 23x — 6 = 0 if the

product of two roots is 1.

Soln:
Let a,b,c are roots of x3 — 13—6x2 + 23—3x - g =0
abc = 2
c=2

Reduced equation

3x2-10x+3=0

(= x-2) -0

8. Solve the equation x3 — 9x% + 14x +24 =0
if it is given that two of its roots are in the ratio 3:2

Soln:
-1‘ 1 -9 14 24

1
X = 2,3,5

0o -1 10 -24

1 -10 24 l_n
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)90

) 2 4
Reduced equation x= 2.§.§
x*—10x+24=0
(x—6)(x—4) =0 12.solve the equation 3x3 — 26x? + 52x — 24 = 0 if
x=-1,46 the roots form an G.P.
Soln:
Try yourself: Let ar, a,g be the roots of x3 — %xz + %x - 23—4 =0
Solve 2x3 + 11x2 —9x — 18 = 0 J-23 ad = = a=2
3 _ 042 _ _
9.Solve 2x° —9x“ + 10x =3 M-22 o l3 26 52 .24
Soln: 2x3—9x2+10x—3=0 0 6 -40 24
3 20 12 0
1) 2-9 10 -3 |
o2 -7 3 Reduced equation is
2 -7 3 0 2 . 18 2\ _
3x - 20x +12 = 05(x - ) (x—2) =0
Reduced equation is 2
x=2,6,-
2x2-7x+3=0 3
6 1 13.Determine k and solve the equation
(x - E) (x - E) =0 2x3 — 6x% + 3x + k = 0 if one root is twice the sum
of the other two roots.
1 .
x=1, 3’5 Soln:
. 3 2 . Let a, b, ¢ be the roots of : 2 6 3 k
10.Solve the equation 2x° — x* — 18x + 9 = 0 if 2 0 4 -4 n
sum of two of its roots vanishes. Given a=2(b+c) | 2 2 -1 | k-2
Soln: Let a, b, ¢ be the roots of atb+c=3
2a+2b+2c=6
x3—%x2—12—8x+§=0 1|2 -1 <18 9
2lo0 1 0 -9 3a=6
a+b=0
2 0 -18 [0 a=2
fbtcotoet
a T2 T2 Reduced equation is k—2=0
Reduced equation is 2x* — 18 = 0 22 —2x—-1=0 ik =
1+/3 1+V3 1-3
x=3, x=-3 xX=— X=2,——,—
1
x=§,3.—3 14.Solve (x —2)(x = 7)(x —3)(x +2) +19=10

Soln: x-2)x—-3)x—-7(x+2)+19=0

11.Solve the equation 9x3 — 36x% + 44x — 16 = 0 if (x2 = 5x +6)(x? — 5x— 14) + 19 = 0

the roots form an A.P.
Putx? —5x=y (y+6)(y—14)+19=0

y2 -8y —84+19=0

Soln: Let a — b, a, a + b be the roots of

3 36

Sty

2 4 19
P+ox-2=0 : 90 ?f j—: -11: y2 —8y—65=0
a—-b+a+a+b=4 T

[ 9 24 12 0 y =13, y=-5
a= g Case(i) y =13 Case(ii) y=-5
Reduced equation is 9x? —24x +12 =0 X% —5x =13 X2 —5x = —5
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x2-5x—-13=0 x2—-5x+5=0 17.Find the polynomial equation
(i)2+iV3 (i) 2i + 3 (i) V5 — V3
_ —biVb%-4ac _ 5+V77 _ —b+Jb%-4ac _ 545 2
x= 2a 2 *= 2a 2 (iv)\[% v)2-+/3 M-22
Soln:
i) x=2+4+1iv3 (i) x=2i+3
15.Solve (2x — 3)(6x — 1)(3x —2)(x —2) — 5 =0 ® V3
Soln: 2x—-3)3x—-2)(6x—1)(x—2)—5=0 x—2=iV3 x—3=2i

(6x*> —13x+6)(6x* —13x+2) - 5=10
y+6)(y+2) —-5=0
y’+ 8y +7 =0

Put6x* —13x =y

y=-7

Case(i) Case(ii) y=-7

6x2—-13x=—- 1 6x2—-13x=-"7

6x2—-13x+1 =0 6x2—-13x+7 =0

X = —b+\b%-4ac x=1 7
- 2a 6
x_ 134V145

12

16.Solve 2x —1)(x+3)(x —2)(2x+3)+20=0
Soln: (2x—-1)2x+3)(x+3)(x—2)+20=0
(4x* +4x—-3)(x* +x-6)+20=0
(4y—3)(y—6)+20=0
4y* —27y+18+20=0
4y* —27y+38=0

put x> +x=y

19 8

(x—2)% = (iV3)*
x?—4x+4=-3

x*—4x+7=0

(x — 3)% = (2i)?
x2—6x+9=-4

x*—6x+13=0.

(iii) x=v5-+3
2 = (V5 —3)
x*=5+3-2V15
x2 -8 =-2V15
(x? - 8)" = (-2V15)’
x* — 16x% + 64 = 60.

xt—16x2+4=0

Gl

(iv) x=

3xt=2(on3x*-2=0

18.Discuss the nature of the roots of equation

() 9x° +2x5 —x*—-7x2+2=0

Case(l) y =1 Case(ii) y=2
2 —
2+ 19 x“+x=2
X tx=—
4
X+x-2=0

fun Signs No.of No.of Real
changes roots

fx) |+ + - - + 2 2 +Ve

[ |-+ T-ve

No. of Imaginary roots= 9-3=6

(i) x°4+9x7 +7x° +5x° +3x =0 J-23

x(x8+9x° +7x* +5x* +3) =0

x = 0 is a root with multiplicity one

12" STD - VETRI NAM KAYIL *FREE EDITION NOT FOR SALE

MATHEMATICS




fun Signs No.of No.of Real
changes roots

fx) |+ + +++ |0 0 +Ve

f(==x)|- - - - - 0 0 -Ve

No. of Imaginary roots = 9-1 =8
(iii) x° — 5x% — 14x" = 0 = x”(x* - 5x —14) = 0
x = 0 is a root with multiplicity seven

Fun Signs No.of No.of Real
changes roots
fx |+ - - 1 1 +Ve
fx |- - + 1 1 -Ve

No. of Imaginary roots = 9-9=0

19. If the sides of a cubic box are increased by 1, 2, 3
units respectively to form a cuboid, then the volume
is increased by 52 cubic units. Find the volume of the
cuboid. (S-21)
Soln: (x + 1)(x +2)(x +3) — x3 = 52
x3+6x%+11x+6— x> =52
6x* +11x + 6 = 52
6x*+11x — 46 =0
12 -23

X=gX=g

x=2, x= _Tn(not possible)
~ The volume of the cuboid =(x + 1)(x + 2)(x + 3)
=3X4x5=60
20. Construct a cubic equation with roots
(i)1,2,and 3
x—1Dx-2)x—-3)=0
x3—6x>+11x—6=0

(ii) 1,1, and —2
x-Dx-1Dx+2)=0

x3—-0x2-3x+2=0
(iii) 2 ,% ,and 1.

0

@-2)(x-3)@x-1

3_7.2.,7
X -x*+-x—1=0
2 2
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2x3 —7x24+7x-2=0

21.If a, p and y are the roots of the cubic equation

x3 + 2x% + 3x + 4 = 0, form a cubic equation

whose roots are (i) 2o, 2P, 2y (ii) & ,% ,]—1(
. o By
(iii) —a,—B,—y  (iv) 25 %
Soln:
) 20,28, 2y

2043 4 21252 +223x+234 =0
3 +4x2+12x+32=0

1 11
(“)a "By

4x3 +3x*+2x+1=0
(iii) —-Q, _B; _y

—x3+2x2-3x+4=0
x3—-2x*+3x—4=0

.y By
('V)z'z'z

@) ) 2t (0 e () o
x3+x2+%x+§=0

8x3+8x2+6x+4=0

22.If a, B,y and 9 are the roots of polynomial eqn
2x* + 5x3 — 7x% + 8 = 0, find a quadratic equation
whose roots area + B +y + 8 and affyéd .
Soln: Given 2x* +5x3 —7x2+8=10
4,53 7.2 8 _
Xt Eoxt —ox +0x+2—0

a+Bry+o="" afys =2
Required equation is x> — (S.R)x + (P.R) =0

2_ (5.8 Sed o
X = (g +)x+(x3)=0

23.If p and q are roots of eqn Ix?> + nx + n = 0,

show that \/E + \/é+ \ﬁ =0. M-23
q p Al

Soln: Given, Ix2 +nx+n=20

pq=?=>\/pq=ﬁ

pra=—7
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24. If the equations x* + px + q = 0 and

x%* + p'x + q' = 0 have a common root, show that it
r— ! —-q/’
must be equal to PATAP! ) 479
q-q’ p-p’
Soln: Let us assume ‘a’ be the common root
a? _ a _ 1
|P q | “lq 1] |11 p
P q

q’ 1 1 p’
a’+pa+q =0 = =—

a’+pa+q=0

a? a a _ 1
rq'-qpr’  q-q’ q-q' p'-p
1—qgp’ —-q’
a = Pa—ap (or) a=11
q-q/ p-p’

25.If a, B be the roots of x> —5x + 6 = 0,
find a® — B
Soln:
a+f=5 af=6 S-21
(@a=p)P=(a+p)*—4af =5*-4(6) =1
a—pB=+1
a?—B%2=(a+B)(a—B) =5(+1) =+5

26.If a, B be the roots of x> + 5x + 6 = 0,
find a? + B2
Soln: a+B=-5, af=6 J-22
a?+ % =(a+ B)? —2apf = (-5)2-2(6) = 13
27.Solve
@Hx*—3x2-4=0
(i) x* —14x>+45=0

Soln:

@x*—3x2—4=0 J22 | (i) x* —14x> +45=0

x%=-1 x2=4 x2=9 x2=5

x=1+V-1 x=42 |x=43 x=+5
= +i

28.Find the condition of the equation

x3 + px? + qx + r = 0 whose roots are in A. P. S-20

Soln: Letrootsarea—d,a,a+d
sumofrootsa—d+a+a+d=—p

3a=-p
-p
3

&) +r () ra@)+r-o

—-p2+3p3—9pq+r=0

a=

2p3 +7r =9pq
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29.1f a, B, and y are the roots of the equation
x3 +px* + qx +r = 0 find the value OfZ% in

terms of the coefficients.
Soln:

a+p+y=-p; apy=-r
1 _atpty _-p_p
Zﬁy

apy -r r
30.If o and B are the roots of the quadratic equation
2x% — 7x + 13 = 0 construct a quadratic equation
whose roots are a?and pZ. M-24
2y—-7/y+13=0
2y+13=17[y
2
(2y +13)* = (7./y)
4y% + 52y + 169 = 49y

4y +3y+169 =0
31.If o and P are the roots of the quadratic

Soln: putx? =y

equation17x? + 43x — 73 = 0 construct a quadratic

equation whose roots are a+2and +2 .

Soln:
. 17 43 -73
Roots increase by 2 then 2l 0 .33 .18
equation diminish by -2 17 9 |-91
0 -34

Required equation is 17x% — 25x — 91 =0

32.Find the sum of squares of roots of
2x* —8x3+6x2-3=0
Soln: Let a, 8, ¥ and & be the roots of
x4—§x3+gx2—;=0
atp+y+ =4
af+ay+ ad+pLy+pé+yéd=3
a? + B% +y* + &2

=(@a+B+y+ &*—2(af +ay + ad+ By +B5 + vd)

= (#)?-2(3)
=10
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PROBABILITY DISTRIBUTIONS

1.A six sided die is marked ‘1’ on one face, ‘2’ on two of its faces, and ‘3’ on remaining three faces. The die is rolled
twice. If X denotes
the total score in two throws. Find (i) The probability mass function. (ii) The cumulative distribution function. (iii)

P(3 < X < 6) (iv) P(X > 4).

Soln: The random variable X takes the value 2,3,4,5 and 6. +[1[2]2]3]3]3
1123|3444
X 2 3 4 5 3
PMF [ T & [0 [ 125 2|34 |4]|5]|5]5
36 | 36 | 36 | 36 | 36 o R I R N
3 4 5|5 [ 6|6
CbrF | 1[5 [ 15[ 27 [ 36 3455|666
36 | 36 | 36 | 36 | 36 s T e e e
(i) PB<X<6) =P(x=3)+P(x=4) +P(x =5) (iV)P(X>4)=P(x=4) +P(x =5)+ P(x = 6)
4,10 12 26 10,12, 9 _31
T 36 36 36 36 T 36 36 36 36

2. A six sided die is marked ‘1’ on one face, ‘3’ on two of its faces ,and ‘5’ on remaining three faces. The die is rolled
twice. If X denotes the total score in two throws. Find (i) The probability mass function (ii) The cumulative

distribution function.(iii) P(4 < X < 10) (iv) P(X = 6).

Soln: The random variable X takes the value 2,4,6,8 and 10. .

1 3 3 5 5 5
X 2 4 6 8 10
PMF | 1 4 i0 | 1z 9 1| 2|4]|4]|6 |6 |6
36 6 | 36 | 36 | 36 J | 46|68 |8 |8
CDF 1 5 15 | 27 | 36 3|4|6|6|8 |8 |8
36 | 36 | 36 | 36 | 36 5168|810 10|10
(i) P(4 < X < 10) 56 |8 |8]10]10][10
s 6|8 [8]10]10]10
=P(x=4)+P(x=6) +P(x=8)

40,12 26
T 36 36 36 36
(ivyP(X=26)=P(x=6) +P(x=8)+P(x =10)
0,122,959 _ 31
36 36 36 36
3.A random variable X has the following probability mass function.

x 1 2 3 4 5 6

f(x) | k| 2k | 6k | 5k | 6k | 10k

Find (i) P(2< X <6) (i) P(2 <X <5) (ili)) P(X <£4) (iv) P(3 < X)
Soln: Given f is P.M.F
SfO) =1
k + 2k +6k + 5k +6k+10k =1

30k=1 = k=~
30
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30

fx)| 1| 2| 6|5 ] 6|10

MPR<X<6)=Px=3)+P(x=4) +P(x=5)=—+—+—>=1
6 5 13

. _ _ _ —4) =245 45 _
()P2<X<5)=Px=2)+P(x=3)+ P(x—4)—30+30+30—30

(i) P(X <4) =P(x=1)+P(x=2)+P(x=3)+ P(x=4) =+

21

(VPEB<X)=P(x=4) +P(x=5+P(x=6)=—+—+ ==

4. A random variable X has the following probability mass function.

X 1 2 3 4 5

f(x) | k% | 2k? | 3k? | 2k | 3k

Find (i) P(2 < X < 5) (ii)) P(3 < X)
Soln: Given f isPM.F  ~ Y f(x) =1
k? +2k? +3k?*+2k+3k =1
6k?+5k—1=0
k=-1, k==

x 1 2 3 4 5
fo | 1 | 2 | 3 | 2_12 | 3_18

& 36

36 | 36 | 36 6 36

. 2 3 12 17
(I)P(ZSX<5)=P(X=2)+P(X=3)+P(x=4)=£+§+§=§
18 30

(PGB <X)=Px=4)+P(x=5) =+ =2

3

5.The cumulative distribution function of a discrete random variable is given by

find (0
1

(i) The Probability mass function f(x) 2

3

(i) (i) P(X = 2) s

Soln. 10
-

i)The values of the discrete random variable X

30 30 30 30

2 6 5 14

;e <x <0

0<x<1

l=x<2

2<x<3

3<x <4

1 < x < oo
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are 0,1,2,3,4.
x 0 1 2 3 4
f(x |1 _ 5 1 2 1 1
2 10| 10 10 10 10
i) P(X<3)=PX=0)+PX=1)+PX=2 5+1+2—8—4
P( )=PX=0+PX=D+PX=2)=15+15+t10"10"3
14 2
fPX=22)=PX=2)+PX=3)+PX =4 _E+R+E_E_E
0 ;—oo<x < —1
(0.15 ;—1<x<0
. o . . . . 035 ;0<x<1
6.The cumulative distribution function of a discrete random variable is given by F(x) = 060 :1<x<2
085 ;2<x<3
1 ;3<x <o
Find (i)the probability mass function (ii )p(X < 1) and(iii) P(X = 2)
The values of the discrete random variable X are —1,0,1,2,3.
Soln: x -1 0 1 2 3
F(x) 0.15 0.35 0.60 0.85 1
()The Probability mass function f(x) : iG] 015 | 020 | 025 025 015

iDP(X<1)=P(X =-1)+P(X =0)=0.15+0.20 = 0.35
iii) P(X 22) =P(X =2) + P(X =3) = 0.25+ 0.15 = 0.40

INVERSE TRIGONOMETRY
5 Marks
Important Hints:
-1 S -1 Xty -1, _ -1, — -1 (XY
tan”"x + tan” "y = tan (1_xy), tan” "x —tan” "y = tan (1+xy)

cos™x + cos™ly = cos L (xy — /(1 —x2) J1—-y2)

1) If a4, a,, a;...a, is an arithmetic progression with common difference d, prove that

_ _ d _ d a,—a
tan[tanl( )+tan1( )+---+tan1( )]: n_1
1+aqa; 1+azasz 1+aya,1 1+aia,
soln
a,—a _ —
tan~ 1( ) = tan~ (—2 1) =tan"ta, — tan"'q,
1+aqa, 1+aqa,
az—a _ —
1( ) =tan~ (—3 2) = tan"ta; — tan"'a,
1+ajas 1+ajas
—_ An—Qan-— — —
1( ) =tan~ ! (—” n-t ) = tan"'a, — tan"ta,_,
1+apan_q 1+an_1an
tan™! (—) + tan™! (—) + -+ tan™? (—) =tan"a, — tan"'a,
1+aqa, 1+azas 1+anan—1
_ _ d _ d
tan [tan 1 (—) +tan™?! (—) + o+ tan™t (7)]
1+a,a, 1+ajyasz 1+anan—1

= tan[ tan"'a,, — tan"1a,]

= tan [tan‘1 (M)]

1+a,ay
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_ an—a;
1+a;an

. —1 -1 2x _ -1 3x—x3
2) prove that: tan™"x + tan (1—x2) = tan (1_3x2) , x|l < 1/V/3

soln
2x
2 X+
tan~lx + tan™? ( xz) = tan™? (;2’;2)
=)
1—x2
— tan-1 (x—x3+2x)

1—x2-2x2

_q1 (3x—x3
= tan 1( )
1—3x2

3) Show that tan ' x + tan 'y + tan 1z = tan™1 (w)

1-xy—-yz—zx

Soln:
tan"'x +tan 'y + tan 1z = tan™! (f_;;;) + tan™1 (2)

x+y
=tan—1 ((l_xy +Z)

(XY
1 (l—xy z

1 [ [x+y+z(1—-xy)]/(1-xy)
[1—xy—(xz+y2z)]/(1—x¥y)

xX+y+z—xyz )
1-xy—yz—zx

= tan™

= tan! (

4) IF tan"'x+tan 'y + tan 'z = mthenshowthat x +y + z = xyz
Soln:

Xty
1—xy

x+y
+z

— ran (G
-ran (35,)
1—xy.

[x+y+z(1—xy)]/(A—xy)
1-xy—(xz+yz)]/(1—xy)

tan'x +tan 'y + tan 'z = tan™! ( ) +tan~1 (2)

= tan™1 ([

tan"'x +tan 'y + tan 1z = tan™! (M) =mn

1—xy—yz—zx

X+y+z—xyz

=tanmt =0
1-xy—yz—zx

x+y+z—xyz=0
xX+y—+z=xyz
5) Find the number of solutions of the equation
tan ! (x — 1) +tan " 1(x) + tan ! (x + 1) = tan~1 (3x)
Soln: tan™t (x — 1D +tan "t (x+ 1) = tan™! (3x) — tan™! (x)

tan—1 (x—1)+(x+1) — tan—1 ( 3x—x

1—(x—1)(x+1) 1+3x(x)

2x 2x

1—(x2—1)  1+3x2
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2x(1+3x%) = 2x(2—x%)

2x + 6x3 =4x—2x°

Given equation has 3 solutions
8x* 2x =0

6) Solve tan! (i;_;) +tan! (g) = %.

Soln: Given tan™! (x—_l) +tan~! (x—“> =z
xX=2 xX+2 4
x—1 x+1

- X+2 i
tan-1 x—2  x+2 _ L

x—1 x+1 4
1- (=) )

(=D (x+2)+ (x+1)(x-2) _ E

22— Do) AN

x2-x+2x-2+x%+x-2x-2 _ 1
x2-4—(x2-1)

2x2-4
x2—4-x241
2x2-4

— =2x% = -3+4

1
2%t =1=x%==

L8]

1
2

x=+
6) Ifcos''x+cos'y+cos 'z=mand0 < x,y,z < 1, then show that

X+ y?+2% +2xyz = 1.

Soln -

5 o s coS Fx OB 2= T ST T
Letcos™x =a,cos ty =f Thenx = cos a,y = cosf§ 222
- — -— K
. _ _ _ - % |\ css = — =
Given, cos™'x +cos 'y +cosTlz=m C¥= = = = _—
cos™'x+costy=m—cos'z Uz | D=y | =T
-1 N -1 =L S=4 ==L
cos™H(xy = V1 —x2/1—=y2) = cos™'(-2) 2 = -
g = yv -] —x2./1 —v2 Neosd,
z=xy—-vV1-x%J1-y %L*.ﬂq:%z%*mjz:%f«_;+)_vﬁé
e

x2+y?+z2+2xyz = 1.

7) Draw the curve sin x in the domain [— g, Tz—t] and sin"!xin[-1,1]

y - ]

V=8inx in -, = V= 80X
¥ ¥

- + i |

T o T
2 2

e |

Domain :[—g,g] - [-1,1] Domain: [-1,1] - [—g,g]
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8) Draw the curve cosx in the domain [0.7] and cos™1x in[-1,1]

cosy in [0, =

o

| =

Domain:[0, ] —» [—1,1]

\ | -

Domain :[—1,1] - [0, ]

9) Draw the curve tan x in the domain (— g,g) and tan"'xin R

Domain: (—g,g) - R

9.INTEGRAL CALCULUS

1. Find the area of the region bounded by the ellipse
2 2
T+ =1 J22,M-24

Area A = 4f(;lydx
=4 anZVaz — x%dx
_ 4b|[xy a?-x2  a? 1 (f)
= J),

a 2 75171
__4b _ ma?
a4
= mtab

2. Find the area of the region bounded by x — axis, the
curve y =|cos x| thelinesx=0andx=m

L&

s
2 M-20
T

™
=2 [Zcosxdx
™

= Z(Sinx)g
=2(1+0)
=2

3.Find the area of the region bounded between the
parabolas y* = 4x and x* = 4y
Soln: Point of intersection (0, 0)and (4, 4)

2
y=2vVx andy=x7
4

A= [/(y1—yz)dx

= f04 (2‘/} - é) dx

3 s 4
x2 x
[2 ( 3 ) 3><4]
2 0
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T3 12
16

4. Father of a family wishes to divide his square field
bounded by x=0,x=4,y=4 and y =0 along
the curve y% = 4x and x? = 4y into three equal parts
for his wife, daughter and son. Is it possible to
divide? If so, find the area to be divided among
them.

Soln: Point of intersection (0,0),(4,4)

Ay = fo ydx = fo de
_ (3 4_ 16
= (@)%

4
A; = [ (y1 —y2)dx

= (2\/_——)dx—[ (;)—’1‘—24

0
32 16 _ 16

3 3 3

4y% n\* 16
= [y = 2 ax= ()=

5.Find the area of the region bounded between the
parabola x> = y and the curve y =|x| .
Soln:
~ the point of intersection (0,0), (1,1),(—1,1)
1
A=2[ (y1—y)dx
=2 fol(x —x%)dx :

[xz 211 |
2 ?]o s
(1 1) \\-“\ 4"

2 3

Il
wim N N

6. Find the area of the region bounded b/w the
curves y = sin x and y = cos x and the lines x =0 and
X=T.
Soln:

I
phea.
1 vy,

A= |(y1— }’Z)dx+f(}’1 y2)dx

4-

°% N

= foz(cosx — sinx)dx — [« (cosx — sinx)dx
4
w

= [sinx + cosx]g — [sinx + cosx]%
4

=2v2

77.Find the area of the region bounded by y =cos x, y

. . T 5m
=sin x , the lines x = 1 and x = R

5m

Soln: A = [;* (y1 — y2)dx
4

-1.0) 7] oy
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5w
= [z* (sinx — cosx)dx
4

= [—cosx — sinx]

=22

-hl:l,h|§1

8. Find, by integration, the area of the region

bounded by the lines 5x—2y=15,x+y+4 =0 and

the x-axis. J-23

Soln: Given 5x -2y =15 = x =
x+y+4=0 =>x=-y—4

Point of intersection (1,-5),

A= fo (xl xZ)dy N
=1 (“”y—( y-4))dy

f. 5,
0 xty+4=0 [ 5x —2p=15
- f_s ( _) dy fll. 5)

(7y + 7y )(15 z / \\

15+2
5

9. Using integration find the area of the region
bounded by triangle ABC, whose vertices A, B, and C
are (—1,1), (3, 2), and (0,5) respectively.

Soln: i
Equation AB y= i(x +5) :‘I‘,‘
Equation BC y=—-x+5 / 0
Equation AC y= 4x + 5 a1y

Area of A ABC = Area of DACO + Area of OCBE —Area
of DABE

= f_ol(4x + 5)dx + f03(—x + 5)dx — %ffl(x + 5)dx
x? 0 x? 3 12 3

2[47+5x]_1+[——+5 ] — 15+ 5% ]

=[0-@2-5)]+[-3+15- 0]——[ +15— (——5)]

21 39 9
=3+5-1(5+3)
21
=3+——-6
15
T2

10. Using integration, find the area of the region
which is bounded by x-axis, the tangent and normal
to the circle x% + y2 = 4 drawn at (1, V3).

Soln:

A= fo (x1 — x)dy L)

= 1% [(4 - yv3) - L] ay
- [oy 37 37,

V3.

3
=43-3V3- 35
=23
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11. Find the area of the region bounded by the curve
2+x—x%+y=0,x-axis, x=-3 and x = 3.
Soln: Given,y=x*—x —2 -
b1 |

= [, 0dx+ [2 (~ydx + [ (y)dx

=f__31(x —x—2)dx— f_l(x -x- 2)dx+f2(x —x—Z)cgix

(2 m) (2E a4 (E )

IVDP - KRISHNAGIRI

12.Find the area of the region common to the circle
x% + y?=16 and the parabola y* = 6x
Soln: Given x? +y?>=16, y* = 6x
x4+ 6x — 16 =0
x =2, — 8 (not possible)
A=2 fozydx +2 f24ydx
=2 [*\/6x dx +2 [, V16 — x2dx
3\2 — 4
=26 <XT2) +2 [—x 162 4 16 6in-1 (f)]
2 2 )

4

26 9 11 16\/_+0+16><——4\/§ 16 x 7
32 6
=15 =3 (41r ++/3)
L 5 e*-1
1 J*zxcosx dx 2 -5 e
2 -1
Soln: Let f(x) = xcosx Soln: Let f(x) =——
f=x)=—-f(x) f(=x)=—f(x)
f(x) is an odd function f(x) is an odd function
n 5 e*-—
J*xcosxdx =0 -5er+1 dx =
3 S 55 xcos (ex_l) dx 4 10522 e *dx
Soln: Let f(x) = xcos( 1) Soln: Let f(x) = e *I=f(x) is an even function
*+1 log2 logZ _
f(—=x)=—-f(x) =>f(x) is an odd function —log2 € “Hdx = Zf *dx
I 5xcos( )dx = = 2(—e )PP
Z(e—logZ e—O)
1
-2(i-1)
=1
1 Vx 3 Vx
5 Jo fﬂ/ﬂdx 6 S \/§+\/ﬁdx
_ Vx _ Vx
Soln: I = [ —"— = 1) Soln: 1= [/ i 1L S )
_ 1 Vi-x _ 3 5x
I—fo \/ﬁ_ﬁ/}dx ......... (2) I—fzm Xeeoososas (2)
_ 1Vx+/1-x _ 3V/5-x+Vx
+Q)= 2I= f‘; et W+ = 2I= [, S ix
= [, (Ddx = [J(1) dx
21 = (x)0 =1 = (%)3
= I== =3-2
: =1 = 1=1
Va+/1-x 2 Vx dx = 1
AN

12" STD - VETRI NAM KAYIL *FREE EDITION NOT FOR SALE

MATHEMATICS



IVDP - KRISHNAGIRI

f_44 |x+3|dx = f__:(—x —-3)dx + f:‘(x +3)dx
= -2 30073 + [ + 32
— L2 -4 71y -3

=[(=5+9)-(-F+12)]+[F+12) - G-9)]

7. a__ SO gy M-22 , 7 fGiny _
{(1) f(x}+(£)(a—x) 8 02f(sinx)+f(cosx) dx M-20
Soln: I = [*—JtY gy ... 1) _ f(sinx)
Oaf(x)f-iE{l(_ax—)x) Soln: I = 2 Feoimn) ] ey BX weeeeeees 6))
I=Jo famee &% e @) [=[2—JC00 g0 Q)
D+ 2] = a f(x)+f(a—x) 0 f(cosx);f(sinx)
mH+Q) = =/ Fotf @ ()+H2) = 21 = X f(sinx) +£ (cosx)
2] = f(;l(l) dx ?Tf(sinx)+f(cosx)
21 = (x)8 21 = [2(1) dx
=a— =2 L
=>2’—f‘(‘)° = I=5 21=(x)} = 2I1=2-0 = I="
a X a T .
Jo e =3 7 JfGing . T
0 f(sinx)+f(cosx) 4
oy
9. 8 dx M-24
fg Tvians % 10. fy 15x — 3| dx
Soln: , Soln:
= \/cosx 4 3 1
1=fg*’ - mdx—f,, T dx e [Clx +3ldx = [5(=5x +3)dx + fy (5x — 3) dx
cosx 2 E 2
= [- 2+ 3x5 + [Z- - 3]}
5
I= ¥ X eevnnes ) _[(_9 .9 _ 5 o\ (9 9
f Veosx+Vsinx - [( ot 5) (0)] + [(2 3) (10 5)]
3 \/cosx+\/smx — 9_1 + 9
(1)+(2) = 21 fn Vcosx++/sinx g % 5
21 = fz (1) dx _3s-d
3m 8 - 1130
21 = (x)2 21 =3"_=Z d
( )E = g 8 10
= 20=2 = 1=2
3m
B 1 _r
fg 1+\/tanxd T8
4 12. (i) [ xe*dx
11 . Jo,1x+3]dx
Soln: Soln: [ xe*dx = xe* —e* +c
=e*(x—1)+c

(ii) Show that [ xe* dx = 1
fol xe* dx = [e*(x — 1)]}

9 9
=2_4+20+2
2 2 =0-(-1)=1
=25
3,x i
13. JxPerdx 14 [Zsin'%xdx M-24
) 0
Soln: z 9x7x5x3x1 63
3,x — 43X _ 2 ,X x _ x 2 ¢jn 10 = 21277« T _ bsm
[x3e*dx = x’e : 3x e2 + 6xe* —6e* + ¢ fo sinCxdx = Lo X o=
=e*(x°—3x*+6x—6)+c
z [
15. JEsin®xdx 16- JEsin®xcos*x dx
m w
= 8X6Xx4%2 128 = 5x3x1x3x1 T 3n
2gin’xdx = == 2g5inxcostxdx = """ x 2 ==
Jg 9x7x5x3 _ 315 Jg 10x8x6x4x2 2 _ 512
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T T
17. JEsindxcos*x dx 18. fz sin3xcos®x dx
T
2 sinSxcos* = dx2x3x1_ 8 3 sind 2x4x2 1
Jg sin*xcostxdx = o000 = o § sin*xcos®x dx = 8x6x4x2 24
2 . 7 X L
19. Jo sin’dx 20. Jgsin®2xdx
fZ"s'n7fdx—4f12_rs'n7xdx % sin® L (2 ginS
o sin’ dx =4 [Zsi Jg sin®2xdx = 3 [2 sin®x dx
_ [6><4-><2] _ 64 1 [5><3><1 rr] _5m
7x5x3] 35 T zlexaxz 7 2] T 64
21 L33 (1 - 2)*d ! x5 2)°
. Jo ¥ (A —x)*dx 22. Jo x> (1 —x%)"dx
1_3 4 3x4l _ 3x4l 1 1 5 11, o 2 5
1-— = = =L 5(1 — x2 _1 2 a2 2
Jo ¥ A —x)tdx (3+4+1)! 8 280 Jo x (1-x%)"dx zfo (x?)" (1 —2%)"d(x?)
_ 1[2!x51] 1
“ 2l 8 17 336
©o —
23. Jo x> e 3*dx J-23 24. [P ——dx M-23
o 5. _ s b a2+ : e
5 ,—3x -2 2
[7 x5 e 3*dx = == o = [ -1 x]
5+1 6 -
0 3541 3 fb a2+x2 Soadx=|-tan”"— - )
—1 ®© —
= [—tan 1—]— tan 1—]
a a

25. Find the area of the region bounded by
X — axis, the sine curve y =sin x, the lines x =
0Oandx=2m.

Soln: A= foznydx ‘ 2
=2 f; ydx

A0

= Zf:sinxdx

= 2(—cosx)j
=2(1+1)
=4

26.Find the area of the region bounded by the curve
y? = 4ax and its latus rectum. J-22

Soln: Given, y? = 4ax = y=2VJaJx

AreaA =2 ['ydx

=2 fO“ 2vaxdx i

5 ‘?'.'.-.:..-u
=4Va ("T) _
\ 2/¢ | 2r o
_ 8\/&)(“2 . w (0, — 20

w

8a?

3

27.Find the volume of the solid formed by
revolving the region bounded by the ellipse

~+% =1, a > b about the major axis.
a b
. = a 2
Soln: V = n'fz_ay dx
— g (P g2 2
=mn [, (a® —x")dx
1I.r.1 By

N

b? %3¢
= Zn—z[azx——]
a 31p

e x
|Jr1|\ I! /|1u|-’ g

28.Find the volume of sphere of radius a.
. — a 2
Soln: V —an' S yPdx
=mu [ (a*—x*)dx

3,Q
=2n[a2x—x—]
31o
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29.Find the volume of right circular cone of
base radius r and height h.

Soln: V=m[" ydx
= nfoh (%x) Zdx
h
(]
-
=7(3)

1 .2
=-mr-h
3
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